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A theory of the excitation energy transfer between like molecules in isotropic solution based on 
a centre or shell model of a primarily excited luminescent molecule and on the extended Förster 
“excitation master equation” has been elaborated. Fluorescence and phosphorescence depolariza­
tion are shown to be governed by singlet-singlet energy migration and described by the same 
expression. The comparison of the theoretical curve with the experimental data obtained by 
Gondo et al. (1975) for benzo[f]quinoline in ethanol glass at 77 K results in the following critical 
distance Rq for the excitation energy migration: 21.5 Ä for fluorescence and phosphorescence, 
respectively.

1. Introduction

Intermolecular radiationless energy transfer 

(energy migration) is of considerable interest for 

both experimental and theoretical studies (see the 

reviews of Kawski [1] and Burshtein [2, 3]). In recent 

years, Jablonski’s model of a luminescent centre 

[4-6] was developed in order to describe the con­

centration depolarization (self-depolarization), the 

donor fluorescence quenching by foreign substances 

(acceptors), and the sensitized fluorescence. To this 

end, a multilayer shell model [7] and the Förster 

“master equation” [8], which describes the transfer 

of the excitation energy between donor (D) and 

acceptor (A) molecules in the singlet state (S), were 

employed. Reports on earlier attempts and further 

development of the theory referring to the multi­

layer model can be found in [9-22],

In the present paper a concentration depolariza­

tion theory of photoluminescence of solutions is 

developed, based on the concept of the lumines­

cence centre or the multilayer model, and taking 

into account the population of the luminescent 

singlet S! and triplet T] states via excited singlet 

state.

It is worth noting that the polarization spectra 

and the concentration depolarization curves are
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practically identical for fluorescence and delayed 

fluorescence thermally stimulated from the Tr state* 

[24, 25]. Hence it was concluded that the triplet 

state Tj exists as a certain inert state and the migra­

tion of the excitation energy does not occur for the 

luminescent molecule remaining in the triplet Tj 

state. Furthermore, it has been found [26-28] that 

the concentration depolarization of the T]—► S0- 

phosphorescence is governed by the singlet-singlet 

energy migration. It is therefore of special interest 

to develop the concentration depolarization theory 

including the Tj -state.

2. General Formalism

The theory of the luminescent centre (LC) or 

luminescent shell (LS) model interpretes the transfer 

of the excitation energy between the initially excited 

luminescent molecule (LM) and the surrounding 

unexcited identical (or similar) molecules assuming 

the transfer to occur between the intracentre mole­

cules only, and not between molecules belonging to 

different centres. Under these conditions, in what 

follows, we have considered a certain LC- or LS- 

center only, irrespective of the particular number k 

of luminescing centre molecules and their particular 

configuration.

* The nomenclature is in accordance with the proposal 
of the commission on spectrochemical and other optical 
procedures for analysis [23].
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In order to describe the excitation probabilities, 

Tj(t), of the molecule i of a centre in the S or T 

state at time / after the initial excitation, we can use 

the following extended system of Forster’s master 

equations:

d Si(t)

d/

dt

- r ss /(0 - H 'T7’/(0

k i
+ Z (Mij Si(t)-fiji 5,-(0) , 

j = i 1

---r TTj(t)+ wsS j(t). (i)

i , j  = 1, 2 , k, k is the number of the LM in the 

centre sphere {Mij = Mji =  0 for i —j), with the initial 

conditions S ,(0 ) = 1, S ,(0 ) = 0 for i=h 1; r , (0 ) = 0 

for all i. Hjj, fijj are the transfer rate constants be­

tween the i-th and y-th LM in the S state. The 

denotations used are given in the Jabionski diagram 

(Figure 1).

Employing the approximations used in [29], the 

set of 2 k (1) can be reduced to a system of six 

equations. For this purpose, the following designa­

tions are substituted

k k 

S W  = I S , ( 0 , r ( o  =  I r , W .
i =  I / = 1

(2)

S(t) and T(t) are the probabilities that the centre 

excited at / = 0 at the molecule / = 1, at time t still 

remains excited at any one of the £-th centre mole­

cules in the S or T state, respectively. By summing 

up (1) and using the designations (2 ), the following 

set of two equations can be obtained:

d S(t)
— /'s S (t) + u’j  T (t) ,

(3)

■ = — r T t  (t) + h’s s (/)

dt 

d T(t)

dt

with the initial conditions 5(0) = 1, r(0 ) = 0. The 

functions S(t), T(t) are independent of the energy 

transfer.

If one differentiates between the excitation of 

molecule i = 1 and of any other one of the /c-centre 

molecules i i= 1, one can find an analogical set of 

equations by introducing the designations

k k 

S r «  =  X s , ( / ) ,  r ,( i)  =  Z r , ( o  (4)

Fig. 1. Simplified Jabtonski diagram of donor (D) and 
acceptor (A) for transfer between like molecules. Nota­
tions: ys = 7is + 72S> 7t = yiT +72T, Where y]S and y1T are 
the radiative deactivation rates of fluorescence and phos­
phorescence, y2s and 72t  the radiationless deactivation 
rates of internal conversion Sj —>■ S0 and T] S0, respec­
tively. H’s and wT are the radiationless deactivation and 
activation rates of intersystem crossing, repectively. The 
dotted line denotes the coupled-transfer transitions. More­
over, the following notations are used: / ’s = 7s+vvs> 
r T='fr+wT and r$ = Ts + Hm + and nr are the
migration and remigration rate constants, respectively.

and performing the corresponding summation:

d.S, it) *
— j ^  = - r s s, ( / ) - £ / < „  5 ,(0

at j = 2

d ST(t) 

dt

+ Z Mj\ Sj(t) + h’j  T] (/) ,
i = 2

k

= ~ r  s SrW  + Z / ^ s . W
7 = 2

k

~ Z Mil SjiO + (0 ,
7 =  2

(5)

i =  2 i =  2

** Taking into account that

k k

Z (M\jSi-tij\Sj)= Z (M\]S\-ßj\Sj) as = 0,
7=1 7 =2

and with regard to

k k

Z Z (MijSi-tijiSj)
1= 27=1

k k k 

Z Z (Mij S) ~ i Sj) ^  (/7|jS\ fij] Sj) ,
1= 1 7=1  7=1

where the first term on the right-hand side is equal to zero.
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Fig. 2. A comparison of the theo­
retical curve \r/roy (25) with the 
experimental data of concentra­
tion depolarization of fluorescence 
(o) and phosphorescence (+) for 
benzo[f]quinoline in ethanol glass 
at 77 K.

and for the triplet state

d r ,( o

dt

d 7V (Q 

dt

— —  r TT\(t) +  ws S\(t), (6 a)

= - r T r r (o  +  h’s sT{t). (6b)

Equations (5) contain no constants Hij for transfer

between primarily unexcited molecules (/ and j  ± 1).

Approximating the different njX by the mean value

pT (the effective rate constant of remigration)

and substituting = pT for j  = 2 ,3 ,. . .,  k, and 
k

= j (the migration rate constant) one ob-
7 = 2

tains from (5)

d 5 ,(Q  

d/

dSr(Q

dt

— - ( r s + pm) s x (/)

+ Mr S T( t )  + wT r ,  ( / ) , (7 a)

= - ( r s+ ^r) ST(t)

+ Mm S\ (0 + m’T Tr(t) . (7 b)

Subtraction of (7 b) from (7 a) or (6 b) from (6 a) 

with the substitutions

S = S ,- S r and T = T X-T r

5 + 5 = 25 , and 5 - 5  = 2 5 r 

leads to the equations 

d 5 (0

(8)

d/
=  -  5 (0 + vvT T(0 + (Mr ~  Mm) S (0

(where r$ = Ts + Mr +  Mm),  

d f ( 0

(9)

dt
= - r TT(t) + ws s  ( o .

The two pairs of (3) and (9) can be transformed by 

known routine methods to the four differential 

equations of the second order

d 2S ( r )  , t d S ( 0  . _  „
+ b — :--- h c S (t) =  0 ,

dt" d t

d2T(t) , dT(t)
+ b — ±1 + cT(t) = 0,

dt2 dt

d2S(t) dS(t)
+ b

dt2 dt 

=  Mm)

+ c' 5 (/)

d S (o

dt
+ r TS(t)

d2f(/) df(r)
-I- D + c' f  (0

dt2 dt

= (Mr~ Mm) WSS(t)

with the constants

b =  r s +  r T , b '  =  b  + p m +  n r ,

c — / ’t  — H’s W’t  , c' = C + r X (Mm + Mr) 

and the initial conditions

5(0) =  1 , r ( 0 ) = 0 ,

d5(0)

dt
= - r s ,

dT(0)

dt

5(0) = 1 , 

d5(0)

=  vvs ,

T (0) =  0 ,

( 1 0a)

( 1 0 b)

( 1 0 c)

(lOd)

( 11)

(12)

dt

d r ( 0 )
= - r s + M r - M m ,  — -r— = H’s 

d t
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Corresponding to these relations, the solutions of 

the two homogeneous Eqs. (10a,b) are
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Time averaging according to the relation

S(t)=A e~ k''+{\-A)e-k*t 

T(t) = B e-'A")

with the notations

. ^2 “  A  „ WS
A  =  —----;—  ,

A2 ~k\

2 = b - (b2 - 4c ) 1/2

(13)

B =
k2 ~ A\

2X1 = b+ (b1-4c)

(14)
1/2

The pair of inhomogeneous Eqs. (10 c, d) with the 

inhomogeneity terms formed by S (t) and dS (t)/dt 

has the following solutions

where

s (0 = {rjr-rim) S(t) + 2 rjm S ' (/) , 

T{t) = (rjr - rjm)T (t) + 2 rjm V  (t) ,

S'(t) =A'e~r''+ (1 -A') e~Ait,

T'(t) = B'(e _p—fat

(15)

(16)

are the solutions of the corresponding homogeneous 

pair with the assumed initial conditions. The dashed 

quantities are connected by relations identical to 

(14), taking the dashed values b\ c', r$. The 

meaning of rjm, rjT is given by

n m = fir = 1 ~ tjm =
Hr

(17)

With the relations (8), one obtains for the other 

quantities

s, (f) = i [S(0 + S(()] = t/rs(t) + nm S'(t), 

T, (/) = i  [T{t) + f  (<)] = n, t (/) + nm t (0 .
(18)

3. Emission Anisotropy

If we assume, that the polarized photolumines­

cence emission is emitted by the initially excited 

molecule (/=  1) only (see [8 , 30-33]), the momen­

tary emission anisotropy r(t)/r0 by radiation from 

the singlet or triplet state is given by

r(t) s i(0  ^  S'(t)
= *1r + (fluorescence),

'o Is S(t) 5 (0

r(t) \ Tx (Q T'(t) (phosphores-

"7 T /t ~ T(t) ~ r,r+rjm T{t) cence).

(19)

1 r(t)

o ;'o_______
00

1 S «  d;
\ r 0 /s

OO

ft s  (t) dt + S r/m S'(t) dt

= f ---------- ®____________

° f 5 ( / ) d /

(20)

(20)

and the corresponding relation for the triplet emis­

sion results, using the values

00 00 j—»

jS(/)d/ = — , JS'(/)d» = -f,
o c o c

J r ( r )d /  = — , J T'(t) dr = —f

for both emission anisotropies, in the identical rela­

tion

V o / s  v o  / t  c

fir + 7m —  • (21)

This means that the fluorescence as well as the 

phosphorescence emission show the same polariza­

tion anisotropies, as observed experimentally by 

Gondo et al. [26, 27],

Substituting r]x=\-r]m given by (17) into (21) 

and using the values c' according to ( 11) we can 

transform (21) into

<7> “0 ' S,T

where

~  +  Hr 
1 T

— " + Hr + Hr 
1 j

C / WT

(22)

(23)

In the particular case of the simplified LC-model

[5] with a sphere of radius R\ having the 

mean number v of active LM, with Hr~ H and 

Hm~(k~ 1) /̂  assumed, we find for an LC with k 

molecules, according to (22 ), by the assumption of 

c/T t  = H-

' ro'is.t k + 1

(24)

The averaging (24) over all possible k values ac­

cording to the Poisson distribution results in the
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Jabfonski equation (see [5, 6 , 34, 14, 15])

817

< - >  - I
10 "  S,T k=  1

,*-1

, (k-  1)! k + 1

2 (v-l+£>~v)
(25)

where v = Vn is the average number of the LM in 

the sphere V=^nR\ (n is the concentration of LM 

in 1 cm3).

4. Quantum Yields

With the denotations given in Fig. 1 and in its 

legend, the quantum yields are given by the rela­

tions

^ is  — yis j  s ( l) df — yis -
7is

A -

7is

WS Wj

r r

7lS + 72S + H’s 1 -
H’j

(26)

7lT + 72T +

H’s ?1T ws
0 1 T _  y]T j  T(t) dt — 7it —

0 c  r s  i  T ~  H s  VVT

___________________ 7it _________________

(?1S  +  ?2S +  H’s )  ( ? 1 T +  ? 2 T +  H y )  — Ws WT

5. Comparison of Theory and Experiment

(27)

the theoretical curve given by (25). The Jabfonski 

radius R\ can be determined from the normalized 

curve (25). The theoretical half-value concentration 

vH for which the condition

r 2 (v’h — 1 + e-VH) 1 

”  2V’H

is fulfilled, is

vH = (4/3) ti R\ ' Yi\\ = (4/3) nRt-N'- CH = 2.55693 ,

where TV'= 6.02 • 1020 is the number of molecules 

per millimole and CH in mole I-1 is the half-value 

concentration determined from the experimental 

curve. Hence, we have

/?i =
10.046 \

'H  /

A . (28)

The half-concentration CH determined from the 

experimental curve [26, 27] for benzo[f]quinoline in 

ethanol glass at 77 K for fluorescence and phos­

phorescence amounts to 3.4 • 10_2M and hence from

(28) the Jabtonski radius /?, is 31 A. The critical 

Förster distance /?0 = -^i/(3) 1/3 [35-37] is R0 = 

21.5 A.

In the same way, by extrapolation of the experi­

mental data [26] of concentration depolarization of 

perdeuterated naphthalene-d8 and phenanthrene- 

d 10, the critical Förster distances i?0 = H-9A 

(CH = 2 • 10-1 M) and 14.1 A (CH = 1.2 • 10_1 M), 

respectively, were found.

Gondo et al. [26, 27] investigated the concentra­

tion depolarization of fluorescence and phosphores­

cence of some aromatic compounds in ethanol glass 

at 77 K. They confirmed the concentration depolar­

ization of the both luminescence components to 

behave in the same way. That implies that the 

singlet-singlet migration causes the depolarization 

only. For the phosphorescence lifetime, no concen­

tration dependence could be found up to concentra­

tions as high as 10-1 M. Thus, no process leading to 

phosphorescence quenching is involved in the 

observed concentration depolarization.

A comparison with experimental measurements 

of <(/Vr0)> depending on the concentration was car­

ried out for benzo[f]quinoline in ethanol glass at 

77 K. These experimental data cover a widge range 

of concentrations and are in good agreement with

6. Conclusions

In the present paper it has been shown theoreti­

cally that the singlet-singlet excitation energy migra­

tion between like molecules causes the concentra­

tion depolarization of phosphorescence. The con­

centration depolarization of phosphorescence coin­

cides with that of fluorescence and is described by 

the same equation. Comparison of the theoretical 

curve with the experimental data permits the deter­

mination of the critical distances for the energy 

migration. The critical concentration (e.g. the criti­

cal distances) depend on the luminescent com­

pound.

We wish to express our thanks to Professor A. 

Schmillen, for critically reading the manuscript.
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